1 department of mathematics and statistics brock university st. catharines, on l2s3a1, canada 2 department of mathematics faculty of sciences, university of cádiz puerto real, cádiz, spain, 11510
Introduction
Nonlinear generalizations of integrable equations with p-power nonlinearities in 1+1 dimensions have been extensively studied. The best known example is the generalized Korteweg-de Vries (KdV) equation u t + u p u x + u xxx = 0 with p = 0, which yields the ordinary KdV equation for p = 1 and the modified KdV (mKdV) equation for p = 2, both of which are integrable PDEs.
An integrable generalization of the KdV equation in 2+1 dimensions is the KadomtsevPetviashvili (KP) equation [12] , which arises in many important physical applications [1, 12, 19, 11] . In a previous paper [5] , we considered a p-power generalization of this equation, given by (u t + αu p u x + βu xxx ) x + γu yy = 0, p > 0,
called the gKP equation, where α, β, γ are non-zero constants, and where p = 1 gives the KP equation. Two main results were obtained by working with the gKP equation in a potential form using u = w x . First, from its point symmetries, we derived the corresponding conservation laws that arise through Noether's theorem. For arbitrary p > 0, these conservation laws consist of mass, energy, and x, y-momenta; for the integrable case p = 1, additional conservation laws are given by a dilational energy, dilational x, y-momenta, and topological (spatial) fluxes. Second, we found the line-soliton solutions by using the conservation laws to integrate the nonlinear ODE governing these solutions, and we discussed their kinematical properties.
The integrable generalization of the mKdV equation in 2+1 dimensions is not given by p = 2 in the gKP equation (1) , but instead contains an additional term which is nonlocal [14] :
(u t − αu 2 u x + κu x ∂ −1
x u y + βu xxx ) x + γu yy = 0 (2)
where α, β, γ are non-zero constants. (The change in sign of the convective term is conventional in the literature, which we will follow here.) Like the KP equation, this modified KP (mKP) equation (2)- (3) arises in several physical applications [8, 9, 22] involving dispersive nonlinear wave phenomena. One main difference compared to the KP equation is that the mKP equation in potential form has no Lagrangian structure in terms of w. Its line soliton solution is well-known and can be found in Refs. [10, 16, 17, 24, 6 ]. There is a Miura transformation [15] under which solutions of the mKP equation are mapped into solutions of the KP equation.
In recent work [6], we studied the family of mKP equations (2) in which κ is taken to be an arbitrary non-zero constant. This family includes the mKP equation itself given by the integrable case (3), as well as non-integrable cases given by κ 2 = 2αγ. As one main result, all low-order conservation laws were derived by applying the multiplier method [18, 4, 7, 2] to the potential form of this equation with u = w x . Another main result was that the line soliton solutions were obtained and their properties were compared to the line solitons of the mKP equation. Some interesting kinematical differences between the integrable and non-integrable cases were noted to hold. In particular, the kinematically allowed region in the parameter space of speed and angular direction is qualitatively different when αγ < 0 than when αγ > 0.
In the present paper, we consider a p-power generalization of the family of mKP equations (3), given by (u t − αu 2p u x + κu p−1 u x ∂ −1
x u y + βu xxx ) x + γu yy = 0, p > 0
with arbitrary non-zero constant coefficients α, β, γ, κ. We call this equation the gmKP family. Like the gKP equation and the family of mKP equations, it has a scaling symmetry and it becomes the mKP family (2) when p = 1 and the mKP equation when, additionally, κ satisfies the relation (3) . There are two general motivations for studying such a p-power family. One motivation is that the interactions of line solitons depend sensitively on the value of p, and specific integrability features such as asymptotic preservation of the shape and the speed of the line solitons in collisions start to break down for higher powers p > 1. Also, interesting differences in the kinematical properties of line solitons are seen to occur in comparing the mKP-like case αγ > 0 and the opposite case αγ < 0. Another motivation involves studying the stability of line solitons as well as well-posedness of the Cauchy problem. Stability typically requires the existence of conserved mass and energy integrals and holds for p not exceeding a critical value determined by their scaling invariance.
Our main goals will be to determine the low-order conservation laws and the line soliton solutions of the gmKP family (4) for all nonlinearity powers p > 0. In particular, our analysis will identify any special powers for which either extra conservation laws are admitted or special kinematical features occur for the line solitons.
First, in section 2, the gmKP family (4) is formulated as a local PDE by use of the potential w given by u = w x . The lack of a local Lagrangian structure for the resulting equation will be demonstrated and contrasted with the local Lagrangian of the gKP equation.
Next, in section 3, all low-order conservation laws of the gmKP family in potential form are derived by the multiplier method. The admitted conservation laws, for arbitrary p, are found to consist of a momentum and a non-trivial topological charge. In particular, there are no additional conservation laws for special powers other than p = 1 when the gmKP family reduces to the mKP family whose low-order conservation laws were obtained in Ref. [6] . Furthermore, these results imply that a conserved energy used in the study of the Cauchy problem for the mKP equation in Ref. [13] , coming from the Miura transformation, must be equivalent to a topological charge. This equivalence is shown to hold in an explicit form, where the topological charge is found to be trivial. The lack of a non-trivial conserved energy for the gmKP and mKP equations motivates a study of a potential system which is associated with the non-trivial topological charge. All low-order conservation laws of this potential system are derived. However, the resulting conservation laws turn out to be equivalent to local conservation laws. None of these conservation laws arise through a Noether correspondence with symmetries, due to the absence of a Lagrangian. Computational aspects are summarized in an appendix.
In section 4, the line soliton solution u = U (x + µy − νt) of the gmKP equation is derived for p > 0, where the parameters µ and ν determine the direction and the speed of the line soliton. The basic kinematical properties of these solutions are discussed and the main differences between the mKP-like case in which αγ > 0 and the opposite case in which αγ < 0 are highlighted. A significant qualitative difference in the kinematically allowed region in the parameter space of speed and angular direction will be seen when αγ < 0 compared to when αγ > 0. Likewise, the speed dependence and angular dependence of the width and height of the line soliton solutions will be seen to be qualitatively quite different in these two cases. A special limiting case of the line soliton solution in the focussing case is shown to be a solitary line wave whose profile exhibits a power decay rather than an exponential decay as for the line soliton.
All of the results presented in this paper are new, as the gmKP equation has not been studied previously in the literature. Finally, a few concluding remarks are made in section 5.
Potential form
The gmKP equation (4) is equivalent to a local PDE system
This system can be expressed as a single PDE by the introduction of a potential w given by
which yields 0 = w tx − αw 2p x w xx + κw p−1
x w xx w y + βw xxxx + γw yy , p > 0
The gmKP equation in potential form (7) possesses the scaling symmetry
x → e x, y → e 2 y, t → e 3 t, w → e
By applying a general scaling transformation t → λ 1 t, x → λ 2 x, y → λ 3 y, w → λ 4 w, where λ 1 , λ 2 , λ 3 , λ 4 = 0, we can fix three of the four coefficients α, β, γ, κ in the gmKP equation (7) . Specifically, the coefficients transform as
Hence, we can put |α| = β = |γ| = sgn (κ) = 1 (10) without loss of generality.
Hereafter, we will consider the gmKP potential equation in the scaled form
x w y )w xx +w xxxx +σ 2 w yy , σ 1 , σ 2 = ±1, sgn (κ) = 1, p > 0 (11) where κ (rescaled) is an arbitrary positive constant. The mKP equation (in scaled form) is given by
In analogy with the mKdV equation, we will refer to σ 1 = 1 as the focussing case, and σ 1 = −1 as the defocussing case; this distinction will be significant when line soliton solutions are considered. We will call σ 2 = 1 the normal dispersion case and σ 2 = −1 the sign-changing dispersion case, since for small amplitude solutions w(x, t)
A exp(i(k 1 x + k 2 y − ωt)), with |A| 1, the dispersion relation takes the form ω = −k [18, 2] are satisfied. These conditions state that the Frechet derivative of the wave equation needs to be self-adjoint. It is straightforward to show that Frechet derivative of the term w tx is self-adjoint, and hence the existence of a local Lagrangian depends solely on whether the Frechet derivative of the term F (w, w x , w y , . . .) is self-adjoint.
As shown in Ref. [5] , the gKP equation has a local Lagrangian, and this structure corresponds to a Hamiltonian formulation when the gKP equation is expressed as an evolution equation for u.
The situation for the gmKP equation, including the mKP equation, is quite different. The Frechet derivative of the equation in potential form (11) is given by
where P = P (t, x, y). The adjoint Frechet derivative is obtained via multiplication by Q = Q(t, x, y) followed by integration by parts, yielding P times
modulo total derivatives. For the Frechet derivative to equal its adjoint, expression (13) minus expression (14) with Q = P must vanish identically for all P (t, x, y). It is simple to show that this holds iff κ = 0, in which case the gmKP equation (11) becomes the same as the gKP equation (with p replaced by 2p).
Hence, the gmKP equation has no local Lagrangian structure in terms of w, unlike the gKP equation. One interesting implication of this result is that the gmKP equation, as well as the mKP equation, do not possess a non-trivial energy conservation law.
Conservation laws
Conservation laws are important in the analysis of nonlinear evolution equations by providing physical, conserved quantities as well as conserved norms needed for studying wellposedness, stability, and global behaviour of solutions.
For the gmKP potential equation (11), a local conservation law is a continuity equation
holding for all solutions w(x, y, t) of equation (11), where T is the conserved density, and (X, Y ) is the spatial flux, which are functions of t, x, y, w, and derivatives of w. Note that w tx and all of its derivatives can be eliminated from T, X, Y through expressing
x w y )w xx + w xxxx + σ 2 w yy from equation (11) . When solutions w(x, y, t) are considered in a given spatial domain Ω ⊆ R 2 , every local conservation law yields a corresponding conserved integral
satisfying the global balance equation
wheren is the unit outward normal vector of the domain boundary curve ∂Ω, and where ds is the arclength on this curve with clockwise orientation. This global equation (17) has the physical meaning that the rate of change of the quantity (16) on the spatial domain is balanced by the net outward flux through the boundary of the domain. A conservation law is locally trivial [18, 7, 2] if, for all solutions w(x, y, t) in Ω, the conserved density T reduces to a spatial divergence D x Ψ x + D y Ψ y and the spatial flux (X, Y ) reduces to a time derivative
, since then the global balance equation (17) becomes an identity. Likewise, two conservation laws are locally equivalent [18, 7, 2] if they differ by a locally trivial conservation law, for all solutions w(x, y, t) in Ω. We will be interested only in locally non-trivial conservation laws.
Because the gmKP potential equation (11) has no Lagrangian structure, Noether's theorem cannot be applied to derive conservation laws. Instead, its conservation laws arise from multipliers [18, 7, 2] as follows.
Any non-trivial conservation law (15) can be expressed in an equivalent characteristic form [18, 7, 2] which is given by a divergence identity holding off of the space of solutions w(x, y, t). For the gmKP potential equation (11), conservation laws have the characteristic form
whereT ,X,Ỹ , and Q are functions of t, x, y, w, and derivatives of w, and where the conserved densityT and the spatial flux (X,Ỹ ) reduce to T and (X, Y ) when restricted to all solutions w(x, y, t) of equation (11). This divergence identity is called the characteristic equation for the conservation law, and the function Q is called the conservation law multiplier. In general, Q will be non-singular when it is evaluated on any solution w(x, y, t). As a consequence, the characteristic equation of a conservation law is locally equivalent to the conservation law itself. It will be useful to note that pure leading derivatives of the gmKP potential equation (11) consist of w yy or w xxxx . If either leading derivative, and all of its differential consequences, have been eliminated from T, X, Y , then Q will not contain those eliminated variables [18, 7, 2] and there will be a one-to-one correspondence between non-trivial conservation laws (up to equivalence) and non-zero multipliers.
All multipliers Q can be determined from the characteristic equation (18) by use of the Euler operator [18, 7, 2] E w with respect to w, where this operator annihilates a function of t, x, y, w, and derivatives of w iff the function is given by a total divergence. In particular, multipliers Q are the solutions of the determining equation
holding off of solutions of equation (11). This determining equation has a natural splitting with respect to either of the pure leading derivatives w yy or w xxxx and its differential consequences. The splitting yields a determining system that consists of the adjoint of the determining equation for symmetries [18, 7, 2] plus additional determining equations analogous to Helmholtz-type equations [2] . Consequently, multipliers have a characterization as adjoint-symmetries satisfying certain Helmholtz-type conditions [7, 2] . When Q is specified to have any chosen form, with its differential order fixed with respect to w and with no dependence on either of the pure leading derivatives w yy or w xxxx and its differential consequences, then the determining equation (19) can be solved in a similar way to the symmetry determining equation, by splitting it with respect to all variables that do not appear in Q so as to obtain an overdetermined system of equations on Q. Thus, multipliers can be found be similar computational steps used to find symmetries.
For any given multiplier Q, the corresponding conserved densityT and spatial flux (X,Ỹ ) can be obtained straightforwardly through a repeated integration process [23, 7, 2] applied to the terms in the righthand side of the characteristic equation (18) This method can sometimes be lengthy or awkward, depending on the complexity of the righthand side expression. A more direct method is to use a homotopy integral formula that inverts the Euler operator E w . The simplest version of this formula appears in Refs. [7, 2] ; a more complicated general version (in the context of the variational bi-complex) is given in Ref. [18] . Alternatively, since the gmKP potential equation (11) possesses a scaling symmetry, there is an algebraic scaling formula [3, 7, 2] which can be used to obtain an explicit expression forT ,X,Ỹ whenever the corresponding conserved integral (16) is not scaling invariant. However, both the scaling formula the homotopy integral formula have the drawback that they do not directly yield the lowest possible differential order (up to equivalence) for the conserved density T , whereas the integration by parts method can be applied in way that does this.
Typically, for wave equations, all multipliers that correspond to physical conservation laws such as energy and momentum are of a lower differential order than the given equation, while multipliers of higher differential order are most often connected with integrability features of the given equation.
Here we will explicitly find all low-order conservation laws of the gmKP potential equation (11) for p = 1 by determining all multipliers with a differential order of less than four. This 6 class of multipliers has the general form
where ∂ = (∂ t , ∂ x , ∂ y ). Note that any expression of this form (20) is necessarily non-singular when it is evaluated on any w(x, y, t) satisfying equation (11) . For p = 1, all low-order conservation laws have been obtained in Ref. [6] . Computational remarks are provided in the appendix. 
where f (t) is an arbitrary function. In particular, there are no special cases p = 1 and κ = 0 in which additional multipliers arise.
These multipliers determine all non-trivial conservation laws of low order admitted by the gmKP potential equation (11) . A summary of the computation is made in the appendix. Theorem 3.1. All low-order local conservation laws admitted by the gmKP potential equation (11) with p = 1 and κ = 0 are given by (up to equivalence)
3.1. Conserved quantities. Conservation law (23) yields the conserved integral
which is a momentum quantity, in analogy with the same conserved integral for the mKdV equation. Conservation law (24) in contrast yields a spatial flux quantity which describes a conserved topological charge
holding for all closed curves ∂Ω in R 2 , without any boundary conditions on u. In contrast to the situation for the gKP equation [5] , there is no local energy conservation law for the gmKP equation for p = 1. This may not be so surprising since the gmKP equation has no Lagrangian in terms of the potential w for any p > 0.
Moreover, for p = 1, our previous results in Ref. [6] show that the family of mKP equations also has no local energy conservation law, whereas a conserved energy integral has been exhibited in Ref. [13] for the mKP equation. In particular, the scaled form (11), (12) of the mKP equation w tx + (σ 1 w 2 x + κw y )w xx + w xxxx − σ 1 w yy = 0, κ 2 = 2, possesses the conserved integral
We will now resolve this situation by showing that this conserved energy integral reduces to boundary terms when it is expressed in terms of the potential w, whereby the underlying conservation law is locally trivial. The conserved energy density is given by
in terms of the potential w. On solutions w(t, x, y) of the (scaled) mKP equation,
κw txx y + (
κw txxx + 
(2xw x −σ 1 y 2 w tx )G is an identity, with G = w tx + (σ 1 w 2 x + κw y )w xx + w xxxx − σ 1 w yy . This can be checked by a straightforward computation. An alternative way to verify the identity is by showing that T − 1 36
(2xw x − σ 1 y 2 w tx )G is annihilated by the spatial Euler operators [4, 2] Ê w ,Ê wt ,Ê wtt ,Ê wttt , where w ttt (and its spatial derivatives) is the highest time derivative of w appearing in G, D t G, and D 2 t G. As a consequence, the energy integral (27) reduces to a flux integral
and its conservation is a trivial equality
It is quite unusual that an energy density expression (28) is locally equivalent to a spatial divergence. Even more unusual, the momentum density expression given by the conserved momentum integral (25) is also locally equivalent to a spatial divergence when (and only when) p = 1, which follows from the results in Ref.
[6] combined with Theorem 3.1. Specifically, T = x − σ 2 w y )y), holds for solutions w(t, x, y) of the family of (scaled) mKP equations w tx + (σ 1 w 2 x + κw y )w xx + w xxxx + σ 2 w yy = 0. [6], any conserved topological charge gives rise to an associated spatial potential system:
where φ is a potential. The potential system arising from the topological charge (26) is given by φ y =w xxx +
Any conservation law (15) holding for this system such that T or (X, Y ) has an essential dependence on the potential φ or its time derivative φ t will be a nonlocal conservation law for the gmKP potential equation (11) .
To proceed, we will first write the potential system in a solved form for leading derivatives: (φ y , w y ) or (φ x , w xxx ). The best choice for computational purposes is
as we will explain in the appendix. When this form of the system is used to eliminate from T, X, Y the leading derivatives (φ x , w xxx ), and all of their differential consequences, then (Q 1 , Q 2 ) will not contain those eliminated variables [18, 7, 2] and there will be a one-toone correspondence between non-trivial conservation laws (up to equivalence) and non-zero multipliers for the gmKP potential system (34). The characteristic form for conservation laws (15) of the gmKP potential system (34) consists of
where the conserved densityT , the spatial flux (X,Ỹ ), and the multiplier (Q 1 , Q 2 ) are functions of t, x, y, w, φ, and derivatives of w, φ, excluding the leading derivatives and their differential consequences, without loss of generality. Here Q 1 and Q 2 will be non-singular when they are evaluated on any solution (w(x, y, t), φ(x, y, t)) of the potential system.
All multipliers (Q 1 , Q 2 ) can be determined from the characteristic equation (35) by use of the pair of Euler operators [18, 7, 2] E w with respect to w and E φ with respect to φ, where both operators annihilate a function of t, x, y, w, φ, and derivatives of w and φ iff the function is given by a total divergence. Consequently, multipliers (Q 1 , Q 2 ) are the solutions of the determining equations
holding off of solutions of system (33). When (Q 1 , Q 2 ) is specified to have any chosen form with its differential order fixed with respect to w and φ and with no dependence on either of the leading derivatives φ x and w xxx and their differential consequences, then the determining equations (36)-(37) can be solved by splitting them with respect to all variables that do not appear in Q 1 and Q 2 so as to obtain an overdetermined system of equations on (Q 1 , Q 2 ). We will now explicitly find all low-order conservation laws of the gmKP potential system (33) by determining all multipliers with a differential order of less than three. This class of multipliers has the form (Q 1 (t, x, y, w, ∂w, ∂ φ, ∂ 2 w, ∂ 2 φ), Q 2 (t, x, y, w, ∂w, ∂ φ,
where ∂ = (∂ t , ∂ x , ∂ y ) and ∂ = (∂ t , ∂ y ). Note that any expression of this form (38) is necessarily non-singular when it is evaluated on any (w(x, y, t), φ(x, y, t)) satisfying system (33). Some remarks on the computations of (Q 1 , Q 2 ), T , (X, Y ) are provided in the appendix. Q (1)1 = w xy , Q (1)2 = w xx ; (39) (ii) p = 1, κ arbitrary:
(ii) p = 1, κ 2 = 2, σ 1 σ 2 = −1: (w x + xw xx )f 3 (t)
where f 1 (t), f 2 (t), f 3 (t) are arbitrary functions.
These multipliers determine all non-trivial conservation laws of low order. The corresponding conserved densities and spatial fluxes are found by applying the repeated integration process [23, 7, 2] to the righthand side of the characteristic equation for each multiplier.
Multiplier (39) reproduces the momentum conservation law (23) . Multipliers (40)-(42) can be shown to yield, up to equivalence, the topological charge conservation laws found for the family of mKP equations w tx + (σ 1 w 2 x + κw y )w xx + w xxxx + σ 2 w yy = 0 in Ref. [6] , excluding the p = 1 case of the conservation law (24) .
All of these four conservation laws are local, and therefore the gmKP potential system (11) does not yield any nonlocal conservation laws.
Line soliton solutions
A line soliton is a solitary wave in two dimensions,
with exponential asymptotic decay
where the parameters µ and ν determine the direction and the speed of the wave. As noted previously in Refs. [5, 6 ], a more geometrical form for a line soliton is given by writing x + µy = (x, y) · k with k = (1, µ) being a constant vector in the (x, y)-plane. The travelling wave variable can then be expressed as
where the unit vectork = (cos θ, sin θ), tan θ = µ
gives the direction of propagation of the line soliton, and the constant
gives the speed of the line soliton. We will take the domain of θ to be − 1 2
π, since the direction of propagation stays the same when the direction angle is changed by ±π while the sign of the speed is simultaneously reversed.
We will now derive the explicit line soliton solutions (44) for the gmKP equation (4) in the scaled form (10),
wherein the scaled mKP equation is the case
It will be convenient to use the coordinate expression for the travelling wave variable ξ = x + µy − νt, so thus u x = U , u y = µU , u t = −νU , and so on, while ∂ 
To reduce this ODE to a separable form which can be integrated, we need three functionallyindependent first integrals. Direct integration of the ODE gives two first integrals which each vanish due to conditions (45). This yields the nonlinear second-order ODE
This ODE alternatively can be obtained from the conservation laws (23) and (24) by the reduction method explained in Ref. [5] . Since the ODE (52) has the form of a nonlinear oscillator equation, it admits an energy integral, where conditions (45) require that this integral vanishes. Hence, we obtain the separable ODE
To integrate it, we first complete the square on the righthand side, which then yields
It is straightforward to evaluate the integral (54).
Proposition 4.1. For p > 0, ODE (53) has non-constant solutions, up to a shift in ξ, only in the following cases:
All non-singular solitary waves arising from these solutions, up to a shift in ξ, are given by
and its limiting case
From expressions (55)- (57), we have C − σ 1 B 2 = (p + 1)(2p + 1)(ν − σ 2 µ 2 ) and (C − σ 1 B 2 )A = ν − σ 2 µ 2 , which we substitute into expression (60). This yields the general line soliton solution of the scaled gmKP equation (49) for all p > 0:
where
Its limiting case (61) is given by u = (2(p + 1)(p + 2)κ|µ|)
where µ < 0, σ 1 = 1 (63b) This solution (63) describes a heavy-tailed solitary line wave, exhibiting power decay (45) rather than exponential decay.
The mKP equation is given by the case (12) for the parameters p, κ, σ 1 , σ 2 , which yields
It has the limiting case
where µ < 0, σ 1 = −σ 2 = 1 (65b) We will next discuss the main properties of the gmKP line soliton (62): its speed and direction, width, and height. We also will show how the limiting case (63) arises when the speed and direction are related in a particular way.
With respect to the x axis, the angle of the (tilted) line of motion of the line soliton is given by θ = arctan(µ), (66) while the speed of the line soliton along this tilted line is given by
with the sign of ν specifying the direction of propagation. The two parameters (µ, ν) need to obey the kinematic condition (62b) which depends crucially on the sign of both σ 1 and σ 2 . The height of the line soliton is
The width is proportional to
Theorem 4.1. (i) In terms of height and width, the profile of the line soliton (62) has the very simple form
as a function of the travelling wave variable (46), where
The direction angle and the speed are given by
(ii) The profile of the heavy-tailed solitary line wave (65) is also very simple
as a function of the travelling wave variable (46). For this solution the direction angle and the speed are given by (dots), 1 (dashes), 2 (dashes), 5 (long-dashes), heavy-tail limit (solid).
Hereafter, we will separately look in detail at the properties of the gmKP line soliton solution expressed in terms of the speed c and direction angle θ. Altogether there are four cases to consider: focussing and defocussing cases, σ 1 = ±1; normal and sign-changing dispersion cases, σ 2 = ±1. (dots), 1 (dashes), 2 (dashes), 5 (longdashes), w ≈ 0.96w max (solid).
4.1.
Focussing with normal dispersion. When σ 1 = σ 2 = 1, the kinematical parameters (ν, µ) satisfy 0 ≤ µ 2 < ν < ∞. Hence there is a minimum speed
which is positive for all directions − π 2
, while the maximum speed is unbounded. Interestingly, as the direction becomes more transverse, the minimum speed is higher.
For a fixed speed c > c min (θ), the direction angle has the range −ϑ(c) < θ < ϑ(c), where
is the angle determined by c = c min (θ). The kinematically allowed region in (c, θ) is plotted in Fig. 7 . Note that this region is independent of the nonlinearity power p. The gmKP line soliton (62) for θ = 0 can be expressed in terms of c and θ as
(80) where ± corresponds to sgn θ, and where
The width and height are given by
At a fixed direction angle θ with |θ| < ϑ(c), the width decreases and the height increases as the speed c increases and as the nonlinearity power p increases.
In contrast, at a fixed speed c > c min (θ), the directional dependence of the width and height is more complicated and requires a detailed examination of the local extrema of w and h as functions of θ. (dots), 1 (dashes), 2 (dashes), 5 (long-dashes), w ≈ 0.96w max (solid).
The width w is an even function. Its local extrema consist of a minimum at θ = 0 when c ≤ 2; a maximum at θ = 0 and a minimum at θ = ± arccos(2/c) when c > 2. At θ = 0, w = 1/ √ c. As |θ| → ϑ(c), w → ∞. Note that the width is proportional to the nonlinearity power p. See Fig. 8 .
The local extrema of h can be shown to consist of a local minimum followed by a local maximum at some angles 0 < θ < ϑ(c) when c > 2 and (qκ) 2 < ((
c) 2/3 − 1); an inflection at some angle 0 < θ < ϑ(c) when c > 2 and (qκ) 2 = (( Fig. 9 . ; w = 1 (dots), 5 (dashes), 20 (dashes), 50 (long-dashes), heavy-tail limit (solid).
In the limiting case θ = ϑ(c), the line soliton flattens into u = 0. But in the limiting case θ = −ϑ(c), the line soliton instead approaches the rational-type solution
which describes a heavy-tailed solitary line wave.
4.2.
Defocussing with normal dispersion. When −σ 1 = σ 2 = 1, the kinematical parameters (ν, µ) satisfy µ 2 < ν < (q 2 κ 2 + 1)µ 2 and µ > 0, where q is expression (81). Hence the minimum speed is the same as in the focussing case, but the maximum speed is finite
which depends on both p and κ. Additionally, the direction angle θ is restricted such that 0 < θ < π 2
. As a consequence, for a fixed speed c min (θ) < c < c max (θ), the angular range of the direction is ϑ(c/(1 + q 2 κ 2 )) < θ < ϑ(c), where ϑ is the angle (79). The kinematically allowed region in (c, θ) is plotted in Fig. 10 . Note that the mKP case is given by qκ = (dots), 1 (dashes), 2 (dashes), 3 (long-dashes), w ≈ 0.96w max (solid).
At a fixed direction angle θ, with ϑ(c/(1 + q 2 κ 2 )) < θ < ϑ(c), the width decreases and the height increases as the speed c increases to c max and as the nonlinearity power p increases. When the speed is fixed, with c min (θ) < c < c max (θ), the directional dependence of the width as a function of θ is similar to the previous case. See Fig. 11 .
The height h decreases monotonically from 2qκc(c+ c 2 + 4(1 + q 2 κ 2 ) 1/2p to 0 as θ goes from ϑ(c/(1 + q 2 κ 2 )) to ϑ(c). See Fig. 12 . In the limiting case θ = ϑ(c), the line soliton flattens into u = 0. The other case θ = ϑ(c/(1 + q 2 κ 2 )) yields u = h = const., which is not a line soliton.
4.3.
Focussing with sign-changing dispersion. When σ 1 = −σ 2 = 1, the kinematical parameters (ν, µ) satisfy −µ 2 < ν < ∞. Hence the maximum speed is unbounded while the minimum speed is negative, and so the line soliton can move forward or backward, or remain stationary, relative to the x-direction. (dots), 1 10 (dashes), 1 5 (dashes), (dashes), 1 20 (dashes), 1 10 (long-dashes), w ≈ 0.96w max (solid). 
For a fixed negative speed, the direction angle has the range ϑ(|c|) < |θ| < 1 2 π, where ϑ is the angle (79). For a fixed non-negative speed, the direction angle has the range 0 ≤ |θ| < 1 2 π. The kinematically allowed region in (c, θ) is plotted in Fig. 13 . Note that this region is 
At a fixed direction angle θ, the width decreases and the height increases as the speed c increases and as the nonlinearity power p increases. At a fixed speed c, the directional dependence of the width and height as functions of θ depends on the sign of c.
The width w is an even function. When c > 0, w = 1/ √ c at θ = 0 which is a maximum. In contrast, when c ≤ 0, w → ∞ as |θ| → ϑ(|c|). For either sign of c, w decreases to 0 as |θ| → 1 2 π. Note that w is independent of κ and proportional to p. See Fig. 14 . For c > 0, the height h has a minimum at some angle θ > 0 and increases without bound as |θ| → Figure 9 . Height in the case of focussing with normal dispersion. c = 10 (dots), 4 (dash-dots), 2 (dashes), 2 (long-dashes), 1 2 (solid); qκ = 3 (upper left), 1 (upper right), 5 9 (lower left), 1 10 (lower right).
As θ → −ϑ(|c|), h → 0, and in the limiting case θ = −ϑ(|c|), the line soliton flattens into u = 0. But as θ → ϑ(|c|), h → (
, and in the limiting case θ = ϑ(|c|), the line soliton instead approaches the rational-type solution
This solution describes a heavy-tailed solitary line wave. (lower left), 1 8 (lower right).
In the case κ < 1/q, the speed c is necessarily negative. The width w is a decreasing function of θ, with w → ∞ as θ → ϑ(|c|), and w → c 2 + 4(k 2 − 1) 2 − |c|/(pk 2|c|) as θ → ϑ(|c|/(1 − κ 2 q 2 )). See Fig. 20 . The height h is an increasing function of θ, with h → 0 as θ → ϑ(|c|), and h → (
). See Fig. 22 . In the limiting case θ = ϑ(|c|), the line soliton flattens into u = 0. The other case θ = ϑ(|c|/(1 − q 2 κ 2 )) yields u = h = const., which is not a line soliton. In the case κ ≥ 1/q, the width w again is a decreasing function of θ, while the height h is a convex function of θ if c > 0 and an increasing function if c ≤ 0. For either sign of c, Figure 12 . Height in the case of defocussing with normal dispersion. c = 10 (dots), 4 (dash-dots), 2 (dashes), 2 (long-dashes), In the limiting case θ = ϑ(|c|), the line soliton flattens into u = 0. In contrast, when
). This case yields u = h = const. for θ = ϑ(|c|/(1 − κ 2 q 2 )), which is not a line soliton. (space-dashes), 0 (solid).
Concluding remarks
For the generalized mKP equation (4) (lower right).
None of the conservation laws arise through a Noether correspondence with symmetries, due to the absence of a Lagrangian. We find, interestingly, that the generalized mKP equation does not possess a non-trivial local energy conservation law. In particular, an energy conservation law presented in Ref. [13] for the mKP equation (p = 1), coming from the Miura transformation to the KP equation, is shown to be locally trivial. This result may explain why, as stated in Ref. [13] , the energy method for obtaining global results on solutions does not work.
In studying the kinematic properties of the line soliton solutions, we find that they have a qualitatively different kinematic behaviour compared to the mKP line solitons, depending on the size of the coefficient of the nonlocal term in the generalized mKP equation (4) . (lower right).
Specifically, the kinematically allowed region in the parameter space of speed and angular direction is very different when αγ < 0 compared to when αγ > 0, and likewise the speed dependence and angular dependence of the width and height of the line soliton solutions is qualitatively quite different in these two cases.
We also find that a special limiting case of the line soliton solution yields a heavy-tailed line wave whose profile exhibits a power decay rather than an exponential decay.
Our results can be used as a starting point to investigate the stability of the line soliton solutions and the heavy-tailed line wave solution, and to determine how their stability may depend on the nonlinearity power p and the size of the nonlocal term. (black), 1 2 (dark grey), 2 3 (grey), (lower left), 1 5 (lower right).
obtain T , up to equivalence, so that it has the lowest possible differential order. We do all integrations with respect to spatial derivatives of w first, whereby the remaining integrations with respect to w t will always yield terms of minimal differential order in T . This yields the form for T , X, Y shown in Theorem 3.2.
Computation of low-order multipliers for the gmKP potential system. The pair of determining equations (36)-(37) for multipliers (38) with differential order less than three has a splitting with respect to the set of variables {∂ 3 v, ∂ 4 v, ∂ 5 v, ∂ 3 w, ∂ 4 w, ∂ 5 w}. This set excludes the leading derivatives (φ x , w xxx ) and their differential consequences. We have chosen this set of leading derivatives rather than (φ y , w y ), for the same reason discussed in the previous computation. Figure 21 . Width in the case of defocussing with sign-changing dispersion. c = 10 (dots), 3 (dash-dots), 1 (dashes), 1 10 (long-dashes), 0 (solid); q 2 κ 2 = 10 (left), 3 (right).
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To carry out the setting up and splitting of the determining equations, we use Maple. This yields an overdetermined system consisting of 1421 equations to be solved for (Q 1 , Q 2 ) as well as for κ = 0 and p = 0, with σ 2 1 = σ 2 2 = 1. Solving the system is again a nonlinear problem, for which we use the Maple package 'rifsimp' to find the complete case tree of solutions. For each solution case in the tree, we solve the system of equations by using Maple 'pdsolve' and 'dsolve', and we check that the solution has the correct number of free constants/functions and satisfies the original overdetermined system. Finally, we merge overlapping cases by following the method explained in Ref. [20] . This yields the classification of multipliers listed in Proposition 3.2.
We derive the corresponding conserved density T and spatial flux (X, Y ) for each multiplier by same method repeated integration process [23, 7, 2] discussed for the previous computation, so that we obtain T , up to equivalence, having the lowest possible differential order. (top left), 1 2 (top right), 1 (middle), 10 (lower left), 2 (lower right).
33 Figure 23 . Height in the case of defocussing with sign-changing dispersion. c = 10 (dots), 3 (dash-dots), 1 (dashes), 1 10 (long-dashes), 0 (solid); q 2 κ 2 = 10 (left), 2 (right).
